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Abstract
Let F be a quadratic number field. We give a criterion, via Hilbert symbols, for an element of
order two in the tame kernel of F to be a fourth power in the tame kernel of F . The result can be
applied to compute the 8-rank of the tame kernel of F and the Tate kernel of an imaginary quadratic
number field. We list the 8-ranks of K2OF for all quadratic number fields whose discriminants have
exactly two odd prime divisors. In the case when F is an imaginary quadratic number field with the
8-rank of K2OF = 0, the Tate kernel of F is given too. An application of our method to the maximal
real subfield of a cyclotomic field is discussed. Numerical examples, in particular the examples of
quadratic number fields F with 4-rank of K2OF = 8-rank of K2OF = 2 illustrate our results.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Let F be a number field with OF the ring of integers in F . Results of [8] give necessary
and sufficient conditions for an element of order two in the tame kernel of a quadratic
number field F to be a fourth power in the tame kernel of F , which gives us indeed an
effective method to compute the 8-rank of K2OF for any quadratic number field. As a
by-product, the Tate kernel of any imaginary quadratic number field F with 8-rank of
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field whose discriminant has only one odd prime divisor is listed in [8]. Some results on
the 8-ranks of K2OF can also be found in [2,3,5,11,12] and among others.
The aim of the present paper is to simplify the expression of the main result on the
8-rank of K2OF of [8] and give some further application. We also determine the 8-ranks
of K2OF for all quadratic number fields whose discriminants have exactly two odd prime
divisors. Again, the Tate kernel of any imaginary quadratic number field F with the 8-rank
of K2OF = 0 has been given explicitly. Furthermore, for real quadratic number fields F , if
both −1 and −2 are not in NF , we can obtain also information about the 16-rank of K2OF .
In some cases, this enables us to determine the exact structure of the 2-Sylow subgroup of
K2OF with 8-rank of K2OF = 0.
It seems that there exists no the upper bound for the 8-rank of K2OF for all quadratic
number fields F . However, we have not seen any examples of quadratic number fields with
8-rank of K2OF = 2 before. Now such examples are given for both real and imaginary
quadratic cases. For example, for F = Q(√89 · 1481) or F = Q(√−97 · 241), we have
4-rank of K2OF = 8-rank of K2OF = 2.
One can also find an answer to an example in [12]. To be precise, for F =
Q(
√
73 · 89 · 97 · 353 · 7481), we have 4-rank of K2OF = 4 and 8-rank of K2OF = 1.
Moreover, the Birch–Tate conjecture implies that 16-rank of K2OF = 1 and 32-rank of
K2OF = 0.
To the author’s knowledge, less is known about the 2n-rank of K2OF (n  2) for cy-
clotomic number fields F . Applying our results, we obtain some information about the
2n-rank of K2OF (n 2) for the maximal real subfield F of a cyclotomic number field.
The paper is organized as follows.
In Section 2 we review some known results and present the main theorems of the paper.
As immediate applications we present examples. A conjecture about the 2-Sylow subgroup
of K2OF for a special family of quadratic number fields is stated.
Section 3 and Section 4 list the 8-ranks of K2OF in tables for real quadratic num-
ber fields and imaginary quadratic number fields whose discriminants have only two odd
prime divisors. We can also determine the Tate kernel and the 16-rank of K2OF in some
cases.
Finally, Section 5 contains some results concerning the 2-Sylow subgroup of K2OF for
the maximal real subfields of cyclotomic number fields.
It is convenient for us to use the following notation: Let F be a number field with OF
the ring of integers in F . We will write ∇ for K2OF . So for any natural number n, ∇n =
{α ∈ K2OF | α = βn for some β ∈ K2OF }. For an integer d = 0 , the set S(d) is defined to
be {±1,±2} if d > 0 or {1,2} if d < 0. For any abelian group A, let 2A = {α ∈ A | α2 = 1}.
Let p be a prime and Qp the field of p-adic numbers. We shall use
(
a,b
p
)
for the Hilbert
symbol of order 2 over Qp . We use vp(·) to denote the discrete valuation on Qp . (a, b) 2= 1
means that the integers a and b have no common odd divisor.
When we say a (quadratic) Diophantine equation is solvable, we always mean that it
has nontrivial integral solutions.
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Lemma 2.1. Let p be an odd prime and a, b ∈ Z square-free. Then
(
a, b
p
)
=


(
a
p
)
, if p | b, p  a,(
b
p
)
, if p | a, p  b,(−a/b
p
)
, if p | b, p | a.
Proof. The result is an easy consequence of a well-known fact (e.g., see [4]) that
(
a, b
p
)
≡
(
(−1)αβ b
α
aβ
)(p−1)/2
(mod p),
where α = vp(a) and β = vp(b). 
Since it is useful, we repeat the following results.
Theorem 2.2 [6,7]. Let F = Q(√d), d ∈ Z square-free. Suppose that m | d (m > 0 if
d > 0) and write d = u2 − 2w2 with u,w ∈ Z (we take u > 0 if d > 0) if 2 ∈ NF . Then
{−1,m} ∈ ∇2 if and only if one can find an ε ∈ S(d) such that
(i) (d/m
p
)= (ε
p
)
, for any odd prime p | m;
(ii) (m
p
)= (ε
p
)
, for any odd prime p | d
m
,
and {−1,m(u+ √d)} ∈ ∇2 if and only if one can find a δ ∈ S(d) such that
(iii) (d/m
p
)= (δ(u+w)
p
)
, for any odd prime p | m;
(iv) (m
p
)= (δ(u+w)
p
)
, for any odd prime p | d
m
.
In view of Lemma 2.1, Theorem 2.2 can be rewritten as
Theorem 2.2′. With the same notation as in above theorem. Then {−1,m} ∈ ∇2 if and only
if one can find an ε ∈ S(d) such that for any odd prime p | d,
(−d,m
p
)
=
(
ε
p
)
,
and {−1,m(u + √d)} ∈ ∇2 if and only if one can find a δ ∈ S(d) such that for any odd
prime p | d ,
(−d,m
p
)
=
(
δ(u+w)
p
)
.
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Remark 2.1. In [3], J. Hurrelbrink and M. Kolster introduced a kind of signs matrix to
compute r4(K2OF ), which is via the local Hilbert symbols.
Lemma 2.3. Suppose that a, b, c are square-free, (a, b) = (a, c) = (b, c) = 1 and a, b, c
do not have the same sign.
(i) (Legendre’s Theorem) The Diophantine equation
aX2 + bY 2 + cZ2 = 0 (2.1)
has nontrivial solutions if and only if for every odd prime p | abc, say, p | a, (−bc
p
)= 1.
(ii) (Holzer’s Theorem) If (2.1) is solvable, then it has a nontrivial integer solution with
|X|√|bc|, |Y |√|ca|, |Z|√|ab|.
Let F = Q(√d), d ∈ Z square-free, be a quadratic field. Recall from [1] that 2K2OF
can be written as the forms {−1,m}, m | d ; together with {−1,m(ui +
√
d)}, if {−1,±2}∩
NF = ∅, where ui ∈ Z such that u2i −d = ciw2i for some wi ∈ Z and ci ∈ {−1,±2}∩NF .
It is easy to see that if u2i − d = −w2i or −2w2i , then {−1,m(ui +
√
d)} /∈ ∇2.
On the other hand, we know that a necessary condition for {−1,m} ∈ ∇4 is that there is
an  ∈ {1,2} such that
mZ2 = X2 + dY 2 (2.2)
is solvable. And a necessary condition for {−1,m(u+ √d)} ∈ ∇4 is that
m(u+w)Z2 = X2 + dY 2 (2.3)
is solvable.
For a square-free integer d and i = 1,3,5,7, denote by di the product of all prime
divisors of d which are ≡ i (mod 8) (di = 1 if d has no prime divisor ≡ i (mod 8)).
We let σ(l) = 1 or 0 according to l | m5 or not.
Theorem 2.4. Let d be a square-free integer and F = Q(√d), and let m | d . Write
m = ±m1m3m5m7 with mi | di for i = 1,3,5,7. Assume that (2.2) is solvable and let
Xm,Ym,Zm ∈ N with (Xm,Ym) = 1 and (Zm,d) 2= 1 is a solution of (2.2).
(A) Suppose that 2 /∈ NF . Then {−1,m} ∈ ∇4 if and only if for i = 1,3,5,7, there are
hi | di , in particular, hi = 1 is permitted, and ε ∈ {±1,±2} such that for any odd
prime l | d ,
(
d,m3h1h5
l
)(−2σ(l)d,m5h3h7
l
)
=
(
εZm
l
)
. (A)
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(i) Then {−1,m} ∈ ∇4 if and only if for i = 1,7, there are hi | di (hi = 1 is permitted)
and δ ∈ {±1} such that for any odd prime l | d ,
(
d,h1
l
)(−d,h7
l
)
=
(
δZm
l
)
, (B-i-1)
or
(
d,h1
l
)(−d,h7
l
)
=
(
δ(u +w)Zm
l
)
. (B-i-2)
(ii) Assume that (2.3) is solvable and let Xmv,Ymv,Zmv ∈ N with h = Ymv , g =
Xmv−wYmv
u+w ∈ Z, (g,h) = 1 and (Zmv, dw)
2= 1 be a solution. Then {−1,m(u +√
d)} ∈ ∇4 if and only if for i = 1,7, there are hi | di (hi = 1 is permitted) and
η ∈ {±1} such that for any odd prime l | d ,
(
d,h1
l
)(−d,h7
l
)
=
(
ηuZmv
l
)
, (B-ii-1)
or
(
d,h1
l
)(−d,h7
l
)
=
(
η(u+w)uZmv
l
)
. (B-ii-2)
Remark 2.1. If (2.2) or (2.3) is solvable, then it must have a solution satisfying our as-
sumption. See also [8].
Proof. (A) Assume that 2 /∈ NF . By Lemma 2.1, we see that any odd prime l | d ,
(−d,m3h1h5
l
)(
2σ(l)d,m5h3h7
l
)
=
(
εZm
l
)
,
holds if and only if
(− d
m3h1h5
l
)
=
(
εh3h7m5Zm
l
)
, if l | m3, l  h3 or l | h1h5, l  m5;
=
(
ε d
h3h7
m5Zm
l
)
, if l | m3, l | h3;
=
(2εh3h7 dm5 Zm
l
)
, if l | h5, l | m5
and
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(
m3h1h5
l
)
=
(
εh3h7m5Zm
l
)
, if l  h1h3h5h7m3m5;
=
(
ε d
h3h7
m5Zm
l
)
, if l | h3h7, l  m3;
=
(2εh3h7 dm5 Zm
l
)
, if l | m5, l  h5.
This is exactly the necessary and sufficient condition in Theorem 3.14 [8] for that
{−1,m} ∈ ∇4.
The proof for (B) is similar. 
Corollary 2.5. Suppose that p ≡ 1, q ≡ 1 (mod 8) are the only two odd prime divisors of d .
(1) If (q
p
) = 1, then pX2 + d/pY 2 = Z2p is solvable in N, so {−1,p} ∈ ∇2 and
{−1,p} ∈ ∇4 if and only if
(i) (Zp
p
)= 1, if 2 ∈ NF ; or
(ii) (Zp
p
)= 1, or (vZp
p
)= 1 if 2 ∈ NF .
(2) If d < 0 and q ≡ ±3 (mod 8), then X2 +dY 2 = −Z2−1(q ≡ 5 (mod 8)) or X2 +dY 2 =
−2Z2−1 (q ≡ 3 (mod 8)) is solvable in N, so {−1,−1} ∈ ∇2 and {−1,−1} ∈ ∇4 if and
only if
(
Z−1
p
)
= 1.
Proof. Clearly, pX2 + d/pY 2 = Z2p is solvable in N, so {−1,p} ∈ ∇2. It is obvious that
there is an ε ∈ {±1,±2} such that A holds for the prime q , since q ≡ 1 (mod 8). For the
prime p, since
(q
p
) = 1 and p ≡ 1 (mod 8), the left side of A is always equal to 1. Then
the result follows from the above theorem. 
Remark 2.2. With Theorem 2.2, one can easily compute the 4-rank of K2OF . On the
other hand, applying Theorem 2.3 to compute the 8-rank of K2OF , one needs to solve
some Diophantine equations. There are 2r4+1 (respectively, at most 2r4 ) such equations in
the imaginary (respectively, real) case. The following theorem permits us to consider only
r4 + 1 (respectively, at most r4) equations in the imaginary (respectively, real) case.
Theorem 2.6. Let d be a square-free integer and m | d , n | d . And let (m,n) = c. Suppose
that there are m, n ∈ {1,2} such that mmZ2 = X2 + dY 2 and nnZ2 = X2 + dY 2 are
solvable. Then mnmn/c2Z2 = X2 +dY 2 is solvable and we can choose solutions of these
equations such that Zm, Zn, Zmn/c2 satisfy the assumption of Theorem 2.4 and for any odd
prime p | d ,
(
Zm
)(
Zn
)
=
(
εZmn/c2
)
p p p
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Suppose that 2 ∈ NQ(√d) and r | d . Suppose that n(u + w)Z2 = X2 + dY 2 and
r(u + w)Z2 = X2 + dY 2 are solvable. Then nr/(n, r)2(u + w)Z2 = X2 + dY 2 is solv-
able and we can choose solutions of these equations such that Zm, Znv , Zmn/c2v satisfy the
assumption of Theorem 2.4 and for any odd prime
(
Zm
p
)(
Znv
p
)
=
(
δZmn/c2v
p
)
for some δ = 1 or 2 and
(
Znv
p
)(
Zrv
p
)
=
(
ηZnr/(n,r)2
p
)
for some η = 1 or 2.
Proof. Let Xm,Ym,Zm,Xn,Yn,Zn ∈ N with (Xm,Ym) = (Xn,Yn) = 1 and (Zm,d) 2=
(Zn, d)
2= 1 be solutions of the equations mmZ2 = X2 + dY 2 and nnZ2 = X2 + dY 2
respectively. Put Xmn = XmXn − dYmYn, Ymn = XmYn +XnYm, Tmn = ZmZn and mn =
mn. Then we have
mnmnT
2
mn = X2mn + dY 2mn.
Let (m,n) = c. We see from Theorem 2.4 that we only need to consider the odd prime
factor of Zmn. If we have an odd prime l | (Xmn,Ymn), then
{
XmXn − dYmYn ≡ 0 (mod l),
XmYn +XnYm ≡ 0 (mod l).
Since (Xm,Ym) = (Xn,Yn) = 1, we obtain that X2m+dY 2m ≡ 0 (mod l) and X2n+dY 2n ≡
0 (mod l). If l | m, l  n, then l | Zn. But we deduce from l | m, l  n that l | Ym. Hence we
obtain that l | Xm, a contradiction. So letting Zm be arbitrary which satisfies the assumption
of Theorem 2.4, by Corollary 2.3 in [8], we may choose Zn with (Zn,Zm) 2= 1 such that it
satisfies the assumption of Theorem 2.4. So we have l | c. But c | Xmn, c | Ymn. Therefore
we may assume that (Xmn/c,Ymn/c) = 1. This implies that we may assume further that
Zmn/c2 = ZmZn up to a power of 2 and so
(
Zm
p
)(
Zn
p
)
=
(
εZmn/c2
p
)
for some ε = 1 or 2.
Let Xnv,Ynv,Znv ∈ N with h = Ynv , g = Xnv−wYnvu+w ∈ Z, (g,h) = 1 and (Znv, dw)
2= 1
be a solution of n(u + w)Z2 = X2 + dY 2. Keeping the same notation as in above and
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ZmZnv . Then
mn(u+w)T 2mnv = X2mnv + dY 2mnv.
Let H0 = Ymnv and G0 = Xmnv−wYmnvu+w . We want to show that G0 ∈ Z and (G0,H0) = c.
We have
Xmnv −wYmnv = XmXnv − dYmYnv −w(XmYnv +XnvYm)
= Xm(Xnv −wYnv)− Ym(wXnv + dYnv)
= Xm(Xnv −wYnv)− Ym
(
wXnv +
(
u2 − 2w2)Ynv)
= Xm(Xnv −wYnv)− Ym
(
wXnv −w2Ynv
)+ (u2 −w2)Ynv
= Xm(u+w)g − Ym
(
w(u+w)g + (u+w)(u−w)Ynv
)
.
Hence G0 ∈ Z.
We also have
H0 =
(
(u+w)Ym
)
g + (Xm +wYm)h, G0 = (Xm −wYm)g −
(
(u−w)Ym
)
h.
So if we have an odd prime l | (G0,H0), then
{
((u+w)Ym)g + (Xm +wYm)h ≡ 0 (mod l),
(Xm −wYm)g − ((u−w)Ym)h ≡ 0 (mod l).
Let
D =
(
(u+w)Ym Xm +wYm
Xm −wYm (u−w)Ym
)
.
Since (g,h) = 1, l | detD = X2m + dY 2m = mZ2m.
On the other hand, the above system of equations can also be written as
{
hXm + ((u+w)g +wh)Ym ≡ 0 (mod l),
gXm − (wg + (u−w)h)Ym ≡ 0 (mod l).
Let
D′ =
(
h ((u+w)g +wh)
g −(wg + (u−w)h)
)
.
We have detD′ = u(g2 + h2)+w(g2 − h2 + 2gh) = nZ2nv . So l | nZ2nv .
Hence l | (m,n) = c.
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Xmnv = Xmnv/c, Ymnv = Ymnv/c, then
mn/c2(u+w)T 2mnv =X 2mnv + dY2mnv.
For H = Ymnv and G = Xmnv−wYmnvu+w , we have G ∈ Z and (G,H) = 1. So the similar
discussion as in above shows that we can assume indeed that Zmn/c2v = Tmnv up to a
power of 2. Therefore we obtain that for any odd prime p | d ,
(
Zm
p
)(
Znv
p
)
=
(
δZmn/c2v
p
)
for δ = 1 or 2.
A similar argument gives
(
Znv
p
)(
Zrv
p
)
=
(
ηZnr/(n,r)2
p
)
.
This completes the proof. 
Example 2.1 (An answer to example 6.3 in [12]). Let F = Q(√73 · 89 · 97 · 353 · 7481).
Write d = 73 · 89 · 97 · 353 · 7481, u = 1292207, w = 52666. Then v = u+w = 1344873
and d = u2 − 2w2. We have
(
89
73
)
=
(
97
73
)
=
(
353
73
)
=
(
7481
73
)
=
(
v
73
)
= 1;
(
97
89
)
= 1,
(
353
89
)
= −1,
(
7481
89
)
= 1,
(
v
89
)
= −1;
(
353
97
)
=
(
7481
97
)
=
(
v
97
)
= 1;
(
7481
353
)
= 1,
(
v
353
)
= −1;
(
v
7481
)
= 1.
And
73 · 27852 + d/73 · 242 = (7 · 401 · 1291)2 : Z73 = 7 · 401 · 1291;
97 · 13282 + d/73 · 12 = (3 · 11 · 3989)2 : Z97 = 3 · 11 · 3989;
7481 · 492 + d/7481 · 82 = (3 · 39799)2 : Z7481 = 3 · 39799;
1344873 · 44912 = 89 · (539747)2 + d/89 · 82.
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43383/1344873 = 1536005. Remember that we need g ∈ Z and (g,h) = 1. If we took
Z89v = 4491, then g /∈ Z.)
Calculations show that
{−1,73}, {−1,97}, {−1,7481},{−1,89(u+ √d)} ∈ ∇2.
{−1,73 · 7481} ∈ ∇4.
{−1,73}, {−1,97}, {−1,7481}, {−1,73 · 97},{−1,89(u+ √d)}, {−1,73 · 89 · 97},
{−1,73 · 89(u+ √d)},{−1,97 · 89(u+ √d)} /∈ ∇4.
So we conclude that the 4-rank of K2OF = 4 and the 8-rank of K2OF = 1. On the
other hand, with help of computer, we have |w2(F )ζF (−1)| = 213 · 32 · 3277923844289.
Applying the Birch–Tate conjecture, one gets the 16-rank of K2OF = 1 and the 32-rank
of K2OF = 0.
Example 2.2. Let F = Q(√89 · 1481). Write p = 89, q = 1481. We have p ≡ q ≡ 1
(mod 8) and
(q
p
)= 1.
We need the following data:
89 · 1481 = 4972 − 2 · 2402 : u = 497, w = 240, v = u+w = 737;
89 · 52 + 1481 · 42 = 1612 : Zp = 161;
55882 + 89 · 1481 · 112 = 737 · 2532 : Zv = 253.
All symbols appeared in Theorem 2.4 are 1, so we have the 8-rank of K2OF = 2.
One can also obtain the result from Table 5 in the next section by noting that
(
Zp
p
)
=
(
uZv
p
)
=
(
uZv
q
)
= 1.
Example 2.3. Let F = Q(√2 · 17 · 21401). Write p = 17, q = 21401. We have p ≡ q ≡
1 (mod 8),
(q
p
)= 1 and the following data:
2 · 17 · 21401 = 8542 − 2 · 292 : u = 854, w = 29, v = u+w = 883;
17 · 372 + 2 · 21401 · 22 = 4412 : Zp = 441;
146212 + 2 · 17 · 21401 · 172 = 883 · 6932 : Zv = 693.
As in Example 2.2 above, we have the 8-rank of K2OF = 2. See also Table 5 in the next
section.
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(mod 8),
(q
p
)= 1 and the following data:
−97 · 241 = 1192 − 2 · 1372 : u = 119, w = 137, v = u+w = 256;
242 − 97 · 241 · 12 = −1512 : Z−1 = 151;
241 − 97 = 122 : Zp = 12;
(169 · 8)2 − 97 · 241(137 · 8)2 = 256 · 362 : h = 137, g = 1, Zv = 36.
We also have all symbols appeared in Theorem 2.4 are 1, so we obtain that the 8-rank
of K2OF = 2.
Se also Table 9 in the next section and note that
(
Z−1
p
)
=
(
Zp
p
)
=
(
uZv
p
)
=
(
uZv
q
)
= 1.
Example 2.5. We also have that the 8-rank of K2OF = 2 for F = Q(
√−2 · 41 · 2521). In
fact, if we write p = 41, q = 2521, then p ≡ q ≡ 1 (mod 8) and (q
p
) = 1. The following
date can be used to verify our claim:
−2 · 41 · 2521 = 442 − 2 · 3232 : u = 44, w = 323, v = u+w = 367;
392 − 2 · 41 · 2521 · 52 = −22732 : Z−1 = 2273;
41 · 232 − 2 · 2521 · 22 = 392 : Zp = 39;
39052 − 2 · 41 · 2521 · 32 = 367 · 1912 : Zv = 191.
Again, all symbols appeared in Theorem 2.4 are 1 and
(
Z−1
p
)
=
(
Zp
p
)
=
(
uZv
p
)
=
(
uZv
q
)
= 1.
See also Table 10 in the next section.
Suppose that F = Q(√d) and d is of one of the following types: d = pq , 2pq , −pq ,
−2pq , where p,q ≡ 1 (mod 8) are primes. We have seen that in each case we have F
with the 8-rank of K2OF = 2. Then with help of our tables in the next section, one can
easily give examples of F with the 4-rank of K2OF = 2 and the 8-rank of K2OF = 1, or
the 4-rank of K2OF = 2 and the 8-rank of K2OF = 0, or the 4-rank of K2OF = 1 and
the 8-rank of K2OF = 1, or the 4-rank of K2OF = 1 and the 8-rank of K2OF = 0, or the
4-rank of K2OF = 0.
In general case, we may propose the following
Conjecture 2.1. Let k  2 and n ∈ N. Given k − 1 integers r4, r8, . . . , r2k satisfying n 
r4  r8  · · ·  r2k  0. Then there exist infinitely many quadratic number fields F =
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√
d) such that d > 0 square-free has exactly n prime divisors, any of which ≡ 1 (mod 8)
and the 2j -rank of K2OF = r2j (2 j  k).
The same assertion should be true for F = Q(√d) with d = −d ′ or d = 2d ′ or d =
−2d ′, where d ′ has exactly n prime divisors, any of which ≡ 1 (mod 8).
Remark 2.3. In [9], we proved that above conjecture is true for k = 2 and n − 1 r4  0.
With some assumption, we have proved that the conjecture is true for k = 2.
3. Tables for real quadratic number fields
First of all, we make the following
Standard Assumption. Let d be a square-free integer and F = Q(√d) and let m | d . When
we write down Zm or Zmv in case 2 ∈ NF , we have assumed that there is an  ∈ {1,2} such
that mZ2 = X2 + dY 2 or m(u + w)Z2 = X2 + dY 2 is solvable and Zm or Zmv satisfies
the assumption of Theorem 2.4, namely, there are Xm, Ym, Zm ∈ N with (Xm,Ym) = 1 and
(Zm,d)
2= 1 such that mZ2m = X2m + dY 2m or there are Xmv,Ymv,Zmv ∈ N with h = Ymv ,
g = Xmv−wYmv
u+w ∈ Z, (g,h) = 1 and (Zmv, dw)
2= 1 such that m(u+w)Z2mv = X2mv +dY 2mv .
For n  1, we shall use r2n for the 2n-rank of K2OF . Recall that ∇ = K2OF . If 2 ∈
NQ(
√
d), then d = u2 − 2w2. We will write v = u+w.
The following fact has been used in [5,8], which will be used again in this paper.
If −1,−2 /∈ NF , and if there are m ∈ N and ε < 0 (respectively, δ < 0) such that
both (i) and (ii) (respectively, (iii) and (iv)) in Theorem 2.2 are satisfied, then {−1,m}
(respectively, {−1,m(u + √d)}) ∈ ∇2, but {−1,m} (respectively, {−1,m(u + √d)}) /∈
∇4.
We know from [10] that for an imaginary quadratic number field F , there is a τ ∈ F ∗
such that the Tate kernel of F is F ∗2 ∪ 2F ∗2 ∪ τF ∗2 ∪ 2τF ∗2. We will only give τ in the
following tables when we compute the Tate kernel of F .
Now we are ready to provide 10 tables. For the convenience of the reader, we will list
also the r4, which is not the new result.
Theorem 3.1. Let F = Q(√d) be an real quadratic number field. Then we have the fol-
lowing Tables 1–5.
Proof. We will check each table separately.
Table 1: First we note that the results for the cases d = pq or 2pq with p,q ≡
1,±3 (mod 8) are consequences of Corollary 2.5.
Let us see the case d = 2pq with p,q ≡ 3,3 (mod 8). We may assume that (p
q
)= 1.
Then pX2 + 2qY 2 = Z2q is solvable. By Theorem 2.4, {−1,p} ∈ ∇4 if and only if(2pq,p
l
)(−2pq,h3
l
) = (εZp
l
)
holds for l = p and q , where h3 = 1 or p or q or pq and
ε = ±1,±2. But for any choice of h3, we have
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d Legendre symbols r4 r8
pq (p,q ≡ 1,3 (mod 8))
2pq (p,q ≡ 1,3 (mod 8))
(q
p
)= −1 0 0
(q
p
)= 1 (Zpp )= −1 1 0(Zp
p
)= 1 1 1
pq (p,q ≡ 3,3 (mod 8)) 0 0
2pq (p,q ≡ 3,3 (mod 8)) Zp ≡ 1 or 3 (mod 8) 1 0
Zp ≡ 5 or 7 (mod 8) 1 1
pq (p,q ≡ 1,5 (mod 8))
2pq (p,q ≡ 1,5 (mod 8))
(q
p
)= −1 0 0
(q
p
)= 1 (Zpp )= −1 1 0(Zp
p
)= 1 1 1
pq (p,q ≡ 3,5 (mod 8)) 1 1
2pq (p,q ≡ 3,5 (mod 8)) 1 0
pq (p,q ≡ 5,5 (mod 8)) Zp ≡ 1 (mod 4) 1 0
Zp ≡ 3 (mod 4) 1 1
2pq (p,q ≡ 5,5 (mod 8)) 0 0
pq (p,q ≡ 3,7 (mod 8))
2pq (p,q ≡ 3,7 (mod 8))
(q
p
)= −1 1 0(q
p
)= 1 1 1
pq (p,q ≡ 5,7 (mod 8))
2pq (p,q ≡ 5,7 (mod 8))
(q
p
)= −1 1 0(q
p
)= 1 1 1
Note. For some results in this table, see also [2,3,7,11], etc.
(
2pq,p
p
)(−2pq,h3
p
)
= −
(
2pq,p
q
)
.
So {−1, q} ∈ ∇4 if (Zp
p
) = (Zp
q
)
and {−1, q} /∈ ∇4 if (Zp
p
) = (Zp
q
)
. But
(Zp
pq
) = (−2
Zp
)
. So(Zp
p
) = (Zp
q
)
if and only if Zp ≡ 5 or 7 (mod 8) and
(Zp
p
)= (Zp
q
)
if and only if Zp ≡ 1 or
3 (mod 8).
It is analogous to check the case d = pq with p,q ≡ 5,5 (mod 8).
Suppose that d = pq or d = 2pq with p,q ≡ 5,7 (mod 8) or p,q ≡ 3,7 (mod 8).
If
(q
p
) = −1, taking ε = −1 and applying Theorem 2.2, we see that {−1,p} ∈ ∇2, but
{−1,p} /∈ ∇4 since ε < 0. If (q
p
) = 1, then qX2 + 2pY 2 = Z2p is solvable. It is easy to
see that we can find ε ∈ {±1,±2} such that the pair ((εZp
p
)
,
(εZp
q
))
is made to be what we
want. So we have r8 = 1.
Table 2: F = Q(√pq) or Q(√2pq): p ≡ q ≡ 7 (mod 8). We have −1,−2 /∈ NF .
Suppose that
(
v
p
)= (v
q
)= 1. We apply (B-ii-1). If (uZv
p
)= (uZv
q
)= 1, taking h7 = 1 and
η = 1, then {−1, u + √d} ∈ ∇4. If (uZv
p
) = (uZv
q
) = −1, taking h7 = 1 and η = −1, then
{−1, u + √d} ∈ ∇4, but {−1, u + √d} /∈ ∇8 since η < 0. If (uZv) = (q ) = (uZv), takingp p q
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F = Q(√pq) or Q(√2pq): p ≡ q ≡ 7 (mod 8)
Legendre symbols r4 r8 r16(
v
p
)= (vq)= 1 (uZvp )= (uZvq )= 1 1 1(uZv
p
)= (uZvq )= −1 1 1 0(uZv
p
)= (qp) = (uZvq ) 1 1(uZv
p
) = (qp)= (uZvq ) 1 1 0(
v
p
)= (vq)= −1 1 0 0(
v
p
)= (qp) = (vq) (uZpvp )= (uZpvq )= 1 1 1(uZpv
p
)= (uZpvq )= −1 1 1 0(uZpv
p
)= (qp) = (uZpvq ) 1 1(uZpv
p
) = (qp)= (uZpvq ) 1 1 0(
v
p
) = (qp)= (vq) 1 0 0
h7 = p and η = 1, then {−1, u +
√
d} ∈ ∇4. If (uZv
p
) = (q
p
) = (uZv
q
)
, taking h7 = p and
η = −1, then {−1, u+ √d} ∈ ∇4, but {−1, u+ √d} /∈ ∇8 since η < 0.
Suppose that
(
v
p
) = (q
p
) = (v
q
)
. Replace u + √d by p(u + √d) and repeat the same
argument as above.
Suppose that
(
v
p
) = (v
q
) = −1 (respectively (v
p
) = (q
p
) = (v
q
))
. Taking ε = −1 and by
Theorem 2.2, we see that {−1, u + √d} (respectively, {−1,p(u + √d)}) ∈ ∇2, but /∈ ∇4
since ε < 0.
Table 3: F = Q(√pq) or Q(√2pq): p,q ≡ 1,7 (mod 8). We have −1,−2 /∈ NF ,(
Z0
p
)= (Z0
q
)
,
(
Zv
p
)= (Zv
q
)
. And we also have
(
u
p
)= (u
q
)
if u ≡ ±1 (mod 8) and (u
p
)= −(u
q
)
if u ≡ ±3 (mod 8).
Suppose that
(q
p
)= (v
p
)= 1. Assume (Z0
p
)= 1. Then {−1,p} ∈ ∇4 (B-i-1). If (uZv
p
)= 1
then {−1, u + √d} ∈ ∇4 ((B-ii-1): η = 1 if u ≡ ±1 (mod 8) and η = −1 if u ≡
±3 (mod 8)), so, if u ≡ ±3 (mod 8), then {−1, u+ √d} /∈ ∇8 since η < 0. If (uZv
p
)= −1,
Table 3
F = Q(√pq): p,q ≡ 1,7 (mod 8)
Legendre symbols and congruences r4 r8 r16(q
p
)= 1 (vp)= 1 (Z0p )= (uZvp )= 1 u ≡ ±1 (mod 8) 2 2
u ≡ ±3 (mod 8) 2 2  1(Z0
p
)= 1, (uZvp )= −1 2 1(Z0
p
)= −1 u ≡ ±1 (mod 8) 2 1
u ≡ ±3 (mod 8) 2 1 0(
v
p
)= −1 1 1(q
p
)= −1 u ≡ ±1 (mod 8) 1 1
u ≡ ±3 (mod 8) 1 1 0
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p
) = −1. If u ≡ ±1 (mod 8),
then either
(
uZv
p
) = (uZv
q
) = 1, so {−1, u + √d} ∈ ∇4, or (uZv
p
) = (uZv
q
) = −1, so
{−1,p(u + √d)} ∈ ∇4 (B-ii-1). If u ≡ ±3 (mod 8), then either (uZv
p
) = −(uZv
q
) = 1, so
{−1, u+ √d} ∈ ∇4 ((B-ii-1): η = −1), but {−1, u+ √d} /∈ ∇8 since η < 0, or −(uZv
p
)=(
uZv
q
)= 1, so {−1,p(u+ √d)} ∈ ∇4 ((B-ii-1): η = −1), but {−1,p(u+ √d)} /∈ ∇8 since
η < 0.
Suppose that
(q
p
) = −(v
p
) = 1. Then {−1, u + √d} /∈ ∇2, but we have {−1,p} ∈ ∇4
((B-i-1), if (Z0
p
)= 1 or (B-i-2), if (Z0
p
)= −1).
Suppose that
(q
p
) = −1 and u ≡ ±1 (mod 8). Then {−1,p} /∈ ∇2. If (v
p
) = 1, then
{−1, u+ √d} ∈ ∇4 ((B-i-1), h1 = 1 if
(
uZv
p
)= 1 and h1 = p if (uZvp )= −1). If (vp)= −1,
then {−1,p(u + √d)} ∈ ∇4 ((B-i-1), h1 = 1 if
(uZpv
p
) = 1 and h1 = p if (uZpvp ) = −1).
With the same discussion and taking η = −1 (hence r16 = 0), we get the verification for
the case
(q
p
)= −1 and u ≡ ±3 (mod 8).
Table 4: F = Q(√2pq): p,q ≡ 1,7 (mod 8). In this case, we have −1,−2 /∈ NF and(
u
p
)= (u
q
)
. It is easy to see that if v ≡ ±1 (mod 8) then (v
p
)= (v
q
)
, and if v ≡ ±3 (mod 8)
then
(
v
p
) = −(v
q
)
. If Zp ≡ ±1 (mod 8) then
(Zp
p
) = (Zp
q
)
, and if Zp ≡ ±3 (mod 8) then(Zp
p
)= −(Zp
q
)
. The same is true for Zv and Zpv .
Table 4
F = Q(√2pq): p,q ≡ 1,7 (mod 8)
Legendre symbols and congruences r4 r8 r16(q
p
)= 1 (vp)= (vq)= 1 (Z0p )= (uZvp )= 1 2 2Z0 ≡ ±3 (mod 8) 2 2  1
or Zv ≡ ±3 (mod 8)
(Z0
p
)= (uZvp )= −1 2 1Z0Zv ≡ ±3 (mod 8) 2 1 0
(Z0
p
)= 1, (uZvp )= −1 2 1Z0 ≡ ±3 (mod 8) 2 1 0
(Z0
p
)= −1, (uZvp )= 1 2 1Zv ≡ ±3 (mod 8) 2 1 0(
v
p
)= 1, (vq)= −1 (Z0p )= 1 2 1(Z0
p
)= −1 2 0 0
(
v
p
)= −1 (Z0p )= 1 1 1Z0 ≡ ±3 (mod 8) 1 1 0
(Z0
p
)= −1 1 1
vZ0 ≡ ±3 (mod 8) 1 1 0
(q
p
)= −1 v ≡ ±1 (mod 8) 1 1
Zv or Zpv ≡ ±3 (mod 8) 1 1 0
v ≡ ±3 (mod 8) 1 0 0
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(q
p
)= (v
p
)= (v
q
)= 1. Then {−1,p}, {−1, u+ √d} ∈ ∇2.
If
(Zp
p
) = (uZv
p
) = 1, then {−1,p} ∈ ∇4 (B-i-1) and {−1, u + √d} ∈ ∇4 (B-ii-1), but
{−1,p} /∈ ∇8 if Zp ≡ ±3 (mod 8) (δ = −1 in Theorem 2.4) and {−1, u +
√
d} /∈ ∇8 if
Zv ≡ ±3 (mod 8) (η = −1 in Theorem 2.4).
If
(Zp
p
)= (uZv
p
)= −1, then {−1,p(u + √d)} ∈ ∇4 (B-ii-1), but {−1,p} /∈ ∇4 ((B-i-1)
and (B-i-2)), {−1, u+√d} /∈ ∇4 ((B-ii-1) and (B-ii-2)), moreover, {−1,p(u+√d)} /∈ ∇8
if ZpZv ≡ ±3 (mod 8) (δ = −1).
If
(Zp
p
) = 1, (uZv
p
) = −1, then {−1,p} ∈ ∇4 (B-i-1), but {−1, u + √d} /∈ ∇4 ((B-ii-1)
and (B-ii-2)), moreover, {−1,p} /∈ ∇8 if Zp ≡ ±3 (mod 8) (δ = −1).
If
(Zp
p
) = −1, (uZv
p
) = 1, then {−1, u + √d} ∈ ∇4 (B-ii-1), but {−1,p} /∈ ∇4 ((B-i-1)
and (B-i-2)), moreover, {−1, u+ √d} /∈ ∇8 if Zv ≡ ±3 (mod 8) (η = −1).
Suppose that
(q
p
) = (v
p
) = 1, (v
q
) = −1. Then {−1,p}, {−1, u + √d} ∈ ∇2. But
{−1, u+ √d} /∈ ∇4 (δ = −1 in Theorem 2.2).
If
(Zp
p
) = 1, then {−1,p} ∈ ∇4 (B-i-1). If (Zp
p
) = −1, then {−1,p} /∈ ∇4 ((B-i-1) and
(B-i-2)) and {−1,p(u+ √d)} /∈ ∇4 (δ = −1 in Theorem 2.2).
Suppose that
(q
p
) = 1, (v
p
) = −1. Then {−1,p} ∈ ∇2, but {−1, u + √d} /∈ ∇2. If(Zp
p
) = 1, then {−1,p} ∈ ∇4 (B-i-1), but {−1,p} /∈ ∇8 if Zp ≡ ±3 (mod 8) (δ = −1).
If
(Zp
p
) = −1, then {−1,p} ∈ ∇4 (B-ii-1), but {−1,p} /∈ ∇8 if vZp ≡ ±3 (mod 8) (so(vZp
p
)= 1, (vZp
q
)= −1 and we have to choose δ = −1).
Suppose that
(q
p
) = −1. Then {−1,p} /∈ ∇2. If v ≡ ±1 (mod 8), then either (v
p
) =(
v
q
) = 1 or (v
p
) = (v
q
) = −1. In the former case, {−1, u + √d} ∈ ∇2, moreover,
{−1, u + √d} ∈ ∇4 ((B-ii-1): if (uZv
p
) = 1 let h1 = 1 and if (uZvp ) = −1 let h1 = p), but
{−1, u + √d} /∈ ∇8 if Zv ≡ ±3 (mod 8) (η = −1); in the latter case {−1,p(u +
√
d)} ∈
∇2, moreover, {−1,p(u+√d)} ∈ ∇4 ((B-ii-1): if (uZpv
p
)= 1 let h1 = 1 and if (uZpvp )= −1
let h1 = p), but {−1,p(u+
√
d)} /∈ ∇8 if Zpv ≡ ±3 (mod 8) (η = −1). If v ≡ ±3 (mod 8)
and
(
v
p
) = 1, then (v
q
) = −1. Then {−1, u + √d} ∈ ∇2 (Theorem 2.2: δ = −1). But
{−1, u + √d} /∈ ∇4 since δ < 0. If v ≡ ±3 (mod 8) and (v
p
) = −1, then (v
q
) = 1. Then
{−1,p(u+ √d)} ∈ ∇2 (Theorem 2.2: δ = −1). But {−1,p(u+ √d)} /∈ ∇4 since δ < 0.
Table 5: F = Q(√pq) or Q(√2pq): p ≡ q ≡ 1 (mod 8).
Suppose that
(q
p
)= (v
p
)= (v
q
)= 1. Then the left hands of all formulas in Theorem 2.4
are always 1. So the results follow immediately.
Suppose that
(q
p
) = 1, (v
p
) = (v
q
) = −1. Then {−1,p} ∈ ∇2, but {−1, u + √d} /∈ ∇2.
If
(Zp
p
) = (Zp
q
)
, then {−1,p} ∈ ∇4 ((B-i-1) or (B-ii-2) according to (Zp
p
)
is 1 or −1).
If
(Zp
p
) = (Zp
q
)
, then by Theorem 2.4, we know that none of {−1,p}, {−1, u + √d} or
{−1,p(u+ √d)} ∈ ∇4.
Suppose that
(q
p
)= −1. Then {−1,p} /∈ ∇2. If (v
p
)= (v
q
)= 1, then {−1, u+√d} ∈ ∇2,
moreover, {−1, u + √d} ∈ ∇4 if (uZv) = (uZv) ((B-ii-1): h1 = 1 or p according to thep q
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F = Q(√pq) or Q(√2pq): p ≡ q ≡ 1 (mod 8)
Legendre symbols and congruences r4 r8(q
p
)= 1 (vp)= (vq)= 1 (Zpp )= (Zpq )= (uZvp )= (uZvq )= 1 (∗) 2 2
(∗) fails, but either(Zp
p
)= (Zpq )= 1 or(uZv
p
)= (uZvq )= 1 or 2 1(uZvZp
p
)= (uZvZpq )= 1
otherwise 2 0(
v
p
)= (vq)= −1 (Zpp )= (Zpq ) 1 1(Zp
p
) = (Zpq ) 1 0(
v
p
)= 1, (vq)= −1 (Zpp )= 1 1 1(Zp
p
)= −1 1 0
(q
p
)= −1 (vp)= (vq)= 1 (uZvp )= (uZvq ) 1 1(uZv
p
) = (uZvq ) 1 0(
v
p
)= (vq)= −1 (uZpvp )= (uZpvq ) 1 1(uZpv
p
) = (uZpvq ) 1 0(
v
p
) = (vq) 0 0
symbol is 1 or −1); on the other hand, if (uZv
p
) = (uZv
q
)
, then {−1, u+ √d} /∈ ∇4 ((B-ii-1)
and (B-ii-2)). The case (v
p
) = (v
q
) = −1 is similar, but we need to replace u + √d by
p(u + √d). Finally, if (v
p
) = (v
q
)
, then it is easy to see that r4 = 0.
This completes the proof. 
4. Tables for imaginary quadratic number fields
We will keep the same notation and the standard assumption as before in this section.
Theorem 4.1. Let F = Q(√−d) be an imaginary quadratic number field. Then we have
the following Tables 6–10.
Proof. As in the proof of Theorem 3.1, we will check each table separately.
Table 6: For the first 8 cases where we have r4 = r8 = 0, see Table I in [6].
Suppose that d = −pq with (p, q ≡ 3,3 (mod 8)). We may assume that (p
q
)= 1.
We see that both −2Z2−1 = X2 − pqY 2 and Z2p = pX2 − qY 2 are solvable in N, hence
{−1,−1} and {−1,p} ∈ ∇2. It is clear that {−1,−1} ∈ ∇4 since the left hands of A are
1 for p and q if we let h3 = 1 and at the same time we have
(Z−1) = 1. We claim that
pq
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d Legendre symbols r4 r8 Tate kernel
−2pq (p,q ≡ 3,3 (mod 8)) 0 0 −1
−pq (p,q ≡ 3,5 (mod 8)) 0 0 −p
−2pq (p,q ≡ 3,5 (mod 8)) 0 0 p
−2pq (p,q ≡ 5,5 (mod 8)) 0 0 −1
−pq (p,q ≡ 3,7 (mod 8)) 0 0 (pq )p
−2pq (p,q ≡ 3,7 (mod 8)) 0 0 (pq )p
−pq (p,q ≡ 5,7 (mod 8)) 0 0 (qp)p
−2pq (p,q ≡ 5,7 (mod 8)) 0 0 (qp)p
−pq (p,q ≡ 3,3 (mod 8)) 1 0 −1
−pq (p,q ≡ 5,5 (mod 8)) 1 0 −1
−pq (p,q ≡ 1,5 (mod 8))
−2pq (p,q ≡ 1,3 (mod 8))
−2pq (p,q ≡ 1,5 (mod 8))
−pq (p,q ≡ 1,3 (mod 8))
(q
p
)= −1 0 0 −1
(q
p
)= 1 (Z−1p )= 1, (Zpp )= −1 1 0 −1(Z−1
p
)= −1, (Zpp )= 1 1 0 p(Z−1
p
)= −1, (Zpp )= −1 1 0 −p(Z−1
p
)= 1, (Zpp )= 1 1 1
{−1,p} /∈ ∇4. In fact, by Theorem 2.4, {−1,p} ∈ ∇4 if and only if (−pq,p
l
)(pq,h3
l
)= (εZp
l
)
holds for l = p and q , where h3 = 1 or p or q or pq and ε = ±1,±2. But for any fixed
pair of h3 and ε, the equality holds only for at most one prime factor of pq . So we have
r4 = 1, r8 = 0 and −1 is in the Tate kernel.
The case d = −pq with p,q ≡ 5,5 (mod 8) is analogous. In fact, for l = p and q , we
consider
(pq,p
l
)(−pq,h5
l
) = (εZp
l
)
, where h5 = 1 or p or q or pq and ε = ±1,±2. Here
Z2p = pX2 − qY 2 if
(q
p
)= 1 or 2Z2p = pX2 − qY 2 if (qp)= −1.
Corollary 2.5 gives the results for d = −pq with p,q ≡ 1,3 or 1,5 (mod 8) or d =
−2pq with p,q ≡ 1,3 or 1,5 (mod 8).
Table 7: F = Q(√−pq): p ≡ q ≡ 7 (mod 8). We may assume that (p
q
)= (v
p
)= (v
q
)= 1.
Then Z2p = pX2 − qY 2, so
(Zp
p
)= (Zp
q
)
and vZ2v = X2 −pqY 2, so
(
Zv
p
)= (Zv
q
)
. Note that
if u ≡ ±1 (mod 8) then (u
p
)= (u
q
)
, and if u ≡ ±3 (mod 8) then (u
p
)= −(u
q
)
. One can easily
check that for any choice of h7,
(pq,h7
p
) = (pq,h7
q
)
. So with a suitable choice of δ, we see
that {−1,p} ∈ ∇4 (B-i-1). On the other hand, if u ≡ ±1 (mod 8), then {−1, u+√d} ∈ ∇4
(B-ii-1) and if u ≡ ±3 (mod 8), then {−1, u+ √d} /∈ ∇4 ((B-ii-1) and (B-ii-2)).
F = Q(√−2pq): p ≡ q ≡ 7 (mod 8). We have (u
p
) = (u
q
)
. And we may assume that(p
q
) = 1 and (v
p
) = (v
q
) = 1 if v ≡ ±1 (mod 8). Then one has Z2p = pX2 − 2qY 2 and
vZ2v = X2 − 2pqY 2. We also have that for any choice of h7,
(2pq,h7
p
)= (2pq,h7
q
)
.
Hence if Zp,Zv ≡ ±1 (mod 8), then
(Zp
p
)= (Zp
q
)
, so {−1,p} ∈ ∇4 (B-i-1) and (Zv
p
)=(
Zv
)
, so {−1, u+ √d} ∈ ∇4 (B-ii-1).q
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F = Q(√−pq): p ≡ q ≡ 7 (mod 8)
Congruences r4 r8 Tate kernel
u ≡ ±1 (mod 8) 1 1
u ≡ ±3 (mod 8) 1 0 (qp)q
F = Q(√−2pq): p ≡ q ≡ 7 (mod 8), (pq )= 1
Legendre symbols and congruences r4 r8 Tate kernel
v ≡ ±1 (mod 8)(
v
p
)= (vq)= 1
Zp ≡ ±1, Zv ≡ ±1 (mod 8) 1 1
Zp ≡ ±1, Zv ≡ ±3 (mod 8) 1 0 p
Zp ≡ ±3, Zv ≡ ±1 (mod 8) 1 0 u+
√−d
Zp ≡ ±3, Zv ≡ ±3 (mod 8) 1 0 p(u+
√−d)
v ≡ ±3 (mod 8), i.e., (vp) = (vq) 0 0 p
Note. If
(
v
p
)= (vq)= −1, then (−vp )= (−vq )= 1.
If Zp ≡ ±1, Zv ≡ ±3 (mod 8), then
(Zp
p
)= (Zp
q
)
, so {−1,p} ∈ ∇4 (B-i-1) and (Zv
p
)=
−(Zv
q
)
, so {−1, u+ √d} /∈ ∇4 ((B-ii-1), (B-ii-2)).
If Zp ≡ ±3,Zv ≡ 1 (mod 8), then
(Zp
p
) = −(Zp
q
)
, so {−1,p} /∈ ∇4 ((B-i-1), (B-i-2))
and
(
Zv
p
)= (Zv
q
)
, so {−1, u+ √d} ∈ ∇4 (B-ii-1).
Now if Zp ≡ ±Zv ≡ ±3 (mod 8), then
(Zp
p
) = −(Zp
q
)
, so {−1,p} /∈ ∇4 ((B-i-1),
(B-i-2)), and (Zv
p
) = −(Zv
q
)
, so {−1, u + √d} /∈ ∇4 ((B-ii-1), (B-ii-2)), but {−1,p(u +√
d)} ∈ ∇4 (B-ii-1).
Finally, if v ≡ ±3 (mod 8) then (v
p
) = (v
q
)
. We have that {−1,p} ∈ ∇2 since we have
assumed that
(p
q
)= 1, and {−1, u+ √d} /∈ ∇2.
Table 8: F = Q(√−pq) or Q(√−2pq): p,q ≡ 1,7 (mod 8).
Suppose that
(q
p
) = (v
p
) = 1. Then we have {−1, q}, {−1, u + √d} ∈ ∇2. By Corol-
lary 2.5, we see that {−1,p} ∈ ∇4 if and only if (Zp
p
)= 1 and {−1, u + √d} ∈ ∇4 if and
Table 8
F = Q(√−pq) or Q(√−2pq): p,q ≡ 1,7 (mod 8)
Legendre symbols r4 r8 Tate kernel(q
p
)= 1 (vp)= 1 (Zpp )= (uZvp )= 1 1 1(Zp
p
)= 1, (uZvp )= −1 1 0 p(Zp
p
)= −1, (uZvp )= 1 1 0 u + √−d(Zp
p
)= (uZvp )= −1 1 0 (vq)(u+ √d)(
v
p
)= −1 0 0 p(q
p
)= −1 (vp)= 1 0 0 (vq)(u+ √d)(
v
p
)= −1 0 0 (vq)q(u+ √d)
H.R. Qin / Journal of Algebra 284 (2005) 494–519 513Table 9
F = Q(√−pq): p ≡ q ≡ 1 (mod 8)
Legendre symbols and congruences r4 r8 Tate kernel(q
p
)= 1 (vp)= 1 (Z−1p )= (Zpp )= (uZvp )= (uZvq )= 1 (∗) 2 2
(∗) fails u ≡ ±1 (mod 8) 2 1
u ≡ ±3 (mod 8) (Z−1p )= (Zpp )= 1 2 1(Z−1
p
)= (Zpp )= −1 2 0 −p(Z−1
p
)= 1, (Zpp )= −1 2 0 −1(Z−1
p
)= −1, (Zpp )= 1 2 0 p(
v
p
)= −1 1 1(q
p
)= −1 u ≡ ±1 (mod 8) 1 1
u ≡ ±3 (mod 8) 1 0 −1
only if
(
uZv
p
)= 1. Hence r8 = 1 if and only if (Zpp )= (uZvp )= 1. This verifies the result for
this case.
In the remaining cases, it is easy to show that r4 = 0 and {−1, τ } ∈ ∇2, where the
corresponding element τ in the Tate kernel has been listed in the table.
Table 9: F = Q(√−pq): p ≡ q ≡ 1 (mod 8). Three elements generate 2(K2OF ):
{−1,−1}, {−1, q}, {−1, u + √d}. We have (v
p
) = (v
q
)
,
(Z−1
p
) = (Z−1
q
)
,
(Zp
p
) = (Zp
q
)
,(
Zv
p
)= (Zv
q
)
. If u ≡ ±1 (mod 8) then (u
p
)= (u
q
)
, and if u ≡ ±3 (mod 8) then (u
p
)= −(u
q
)
.
Suppose that
(q
p
) = (v
p
) = (v
q
) = 1. Then {−1,−1}, {−1,p}, {−1, u + √d} ∈ ∇2 and
the left hands of all formulas in Theorem 2.4 are 1.
So if (∗) holds, then {−1,−1}, {−1,p}, {−1, u+ √d} ∈ ∇4, hence r8 = 2.
Assume that u ≡ ±1 (mod 8). Then (uZv
p
) = (uZv
q
)
, but we have also
(Z−1
p
) = (Z−1
q
)
,(Zp
p
)= (Zp
q
)
, hence r8  1. On the other hand, if (∗) fails, then r8  1, therefore r8 = 1.
Assume now that (∗) fails but u ≡ ±3 (mod 8). Then (u
p
)= −(u
q
)
, so {−1, u + √d} /∈
∇4 ((B-ii-1), (B-ii-2)).
If
(Z−1
p
)= (Zp
p
)= 1, then {−1,−1}, {−1,p} ∈ ∇4 (B-i-1), hence r8 = 1.
If
(Z−1
p
) = (Zp
p
) = −1, then {−1,−p} ∈ ∇4 (B-i-1), but {−1,−1}, {−1,p} /∈ ∇4
(B-i-1), hence r8 = 0 and −p is in the Tate kernel.
If
(Z−1
p
) = 1, (Zp
p
) = −1, then {−1,−1} ∈ ∇4 (B-i-1), but {−1,p}, {−1,−p} /∈ ∇4
(B-i-1), hence r8 = 0 and −1 is in the Tate kernel.
If
(Z−1
p
) = −1, (Zp
p
) = 1, then {−1,p} ∈ ∇4 (B-i-1), but {−1,−1}, {−1,−p} /∈ ∇4
((B-i-1), (B-i-2)), hence r8 = 0 and p is in the Tate kernel.
Suppose that
(q
p
) = 1, (v
p
) = −1. Then {−1,−1}, {−1,p} ∈ ∇2, but {−1, u + √d} /∈
∇2. Since (v
q
)= −1, it is easy to see that {−1,−1}, {−1,p} ∈ ∇4 ((B-i-1) and (B-i-2)).
Suppose that
(q
p
) = −1. Assume that u ≡ ±1 (mod 8). If (v
p
) = 1, then {−1, u +√
d} ∈ ∇2, moreover, {−1,−1}, {−1, u + √d} ∈ ∇4 ((B-i-1) and (B-ii-1)) since (Z−1) =p
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q
)
,
(
Zv
p
) = (Zv
q
)
, and if
(
v
p
) = −1 then {−1,p(u + √d)} ∈ ∇2, moreover, {−1,−1},
{−1,p(u+ √d)} ∈ ∇4 ((B-i-1) and (B-ii-1)) since (Z−1
p
)= (Z−1
q
)
,
(Zpv
p
)= (Zpv
q
)
.
Assume that u ≡ ±3 (mod 8). Then {−1,−1} ∈ ∇4 (B-i-1), but {−1,p} /∈ ∇2 ((B-ii-1),
(B-ii-2)). We also have {−1, u+√d} ∈ ∇2, but /∈ ∇4 if (v
p
)= 1 or {−1,p(u+√d)} ∈ ∇2,
but /∈ ∇4 if (v
p
)= −1 ((B-i-1), (B-i-2)). Hence r8 = 0 and −1 is in the Tate kernel.
Table 10: F = Q(√−2pq): p ≡ q ≡ 1 (mod 8). We have (u
p
) = (u
q
)
. Three elements
generate 2(K2OF ): {−1,−1}, {−1, q}, {−1, u+
√
d}. In principal, the verification of the
table is similar to the case F = Q(√−pq): p ≡ q ≡ 1 (mod 8). However, we have to
consider more possibilities since in this case we will not always have that
(Z−1
p
)= (Z−1
q
)
,(Zp
p
)= (Zp
q
)
,
(
Zv
p
) = (Zv
q
)
. They hold conditionally. In fact, we have
(Z−1
p
)= (Z−1
q
)
if and
only if Z−1 ≡ ±1 (mod 8);
(Zp
p
)= (Zp
q
)
if and only if Zp ≡ ±1 (mod 8); and
(
Zv
p
)= (Zv
q
)
if and only if zv ≡ ±1 (mod 8).
Suppose that
(q
p
) = (v
p
) = (v
q
) = 1. Then {−1,−1}, {−1,p}, {−1, u + √d} ∈ ∇2 and
the left hands of all formulas in Theorem 2.4 are 1.
Assume that Z−1 ≡ ±Zp ≡ ±Zv ≡ ±1 (mod 8). If we have
(Z−1
p
)= (Zp
p
)= (uZv
p
)= 1
(∗), then {−1,−1}, {−1,p}, {−1, u + √d} ∈ ∇4 ((B-i-1), (B-ii-1)), hence r8 = 2; on the
other hand, if (∗) fails, then r8  1. But by Theorem 2.4, we have r8  1, since
(Z−1
p
) =(Z−1
q
)
,
(Zp
p
)= (Zp
q
)
,
(
Zv
p
)= (Zv
q
)
. Hence r8 = 1.
Assume that Z−1 ≡ ±3, Zp ≡ ±Zv ≡ ±1 (mod 8). If
(Zp
p
) = (uZv
p
) = 1 then (Zp
q
) =(
uZv
q
) = 1, hence {−1,p}, {−1, u + √d} ∈ ∇4 ((B-i-1) and (B-ii-1)), so r8 = 1; oth-
erwise, either
(Zp
p
) = 1, (uZv
p
) = −1, then {−1,−1}, {−1,−p}, {−1,±(u + √d)},
{−1,p(u+√d)} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)), but {−1,p} ∈ ∇4 (B-i-1), hence
r8 = 0 and p is in the Tate kernel (i.e., Tp); or
(Zp
p
) = −1, (uZv
p
) = 1, then {−1,−1},
{−1,±p}, {−1,−(u+√d)}, {−1,±p(u+√d)} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)),
but {−1, u+ √d} ∈ ∇4(B-i-1), hence r8 = 0 and u+
√
d is in the Tate kernel (i.e.,‘Tv); or(Zp
p
) = (uZv
p
) = −1, then {−1,−1}, {−1,±p}, {−1,±(u + √d)} /∈ ∇4 ((B-i-1), (B-i-2),
(B-ii-1), (B-ii-2)), but p(u + √d)} ∈ ∇4 (B-ii-1), hence r8 = 0 and p(u +
√
d) is in the
Tate kernel (i.e., Tpv).
Analogously, we can check the cases Zp ≡ ±3, Z−1 ≡ ±Zv ≡ ±1 (mod 8) and Zv ≡
±3, Z−1 ≡ ±Zp ≡ ±1 (mod 8).
Assume that Z−1 ≡ ±1, Zp ≡ ±Zv ≡ ±3 (mod 8). If
(Z−1
p
) = 1, (Zp
p
) = (uZv
p
)
, then(Z−1
q
) = 1 and (Zp
q
) = (uZv
q
)
, so {−1,−1}, {−1,p(u + √d)} ∈ ∇4 ((B-i-1) and (B-ii-1)),
but {−1,p}, {−1, u + √d} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)) since (Zp
p
) = −(Zp
q
)
and
(
uZv
p
) = −(uZv
q
)
, so r8 = 1; otherwise, either
(Z−1
p
) = 1, (Zp
p
) = −(uZv
p
)
, then
{−1,−1} ∈ ∇4 (B-i-1), but {−1,p}, {−1, u + √d}, {−1,p(u + √d)} /∈ ∇4 ((B-i-1),
(B-i-2), (B-ii-1), (B-ii-2)), hence r8 = 0 and −1 is in the Tate kernel (i.e., T−1), or(Z−1)= −1, (Zp)= (uZv), then {−1,p(u + √d)} ∈ ∇4 (B-i-1), but {−1,−1}, {−1,±p},p p p
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F = Q(√−2pq): p ≡ q ≡ 1 (mod 8) (Part I)
Legendre symbols and congruences r4 r8 Tate kernel(q
p
)= 1 (vp) = (vq)
= 1
Z−1 ≡ ±Zp ≡ ±Zv
≡ ±1 (mod 8)
(Z−1
p
) = (Zpp )
= (uZvp )= 1
2 2
otherwise 2 1
Z−1 ≡ ±3 (mod 8),
Zp ≡ ±Zv ≡ ±1 (mod 8)
(Zp
p
)= (uZvp )= 1 2 1
otherwise 2 0 Tp , Tv , Tpv
Zp ≡ ±3 (mod 8),
Z−1 ≡ ±Zv ≡ ±1 (mod 8)
(Z−1
p
)= (uZvp )= 1 2 1
otherwise 2 0 T−1, Tv , T−v
Zv ≡ ±3 (mod 8),
Z−1 ≡ ±Zp ≡ ±1 (mod 8)
(Z−1
p
)= (Zpp )= 1 2 1
otherwise 2 0 T−1, Tp , T−p
Z−1 ≡ ±1 (mod 8),
Zp ≡ ±Zv ≡ ±3 (mod 8)
(Z−1
p
)= (uZvZpp )= 1 2 1
otherwise 2 0 T−1, Tpv , T−pv
Zp ≡ ±1 (mod 8),
Z−1 ≡ ±Zv ≡ ±3 (mod 8)
(Zp
p
)= (uZvZ−1p )= 1 2 1
otherwise 2 0 Tp , T−v , T−pv
Zv ≡ ±1 (mod 8),
Z−1 ≡ ±Zp ≡ ±3 (mod 8)
(uZv
p
)= (Z−1Zpp )= 1 2 1
otherwise 2 0 Tv , T−p , T−pv
Z−1 ≡ ±Zp ≡ ±Zv
≡ ±3 (mod 8)
(Z−1
p
)= (Zpp )= (Zvp ) 2 1
otherwise 2 0 T−p , T−v , Tpv(
v
p
) = (vq)
= −1
Z−1 ≡ Zp ≡ ±1 (mod 8) 1 1
otherwise 1 0 T−1, Tp , T−p(
v
p
) = (vq) Z−1 ≡ ±Zp ≡ ±1 (mod 8) (Z−1p )= (Zpp )= 1 1 1
otherwise 1 0 T−1, Tp,T−p
Z−1 ≡ ±1 (mod 8),
Zp ≡ ±3 (mod 8)
(Z−1
p
)= (vZpp )= 1 1 1
otherwise 1 0 T−1, Tp , T−p
Z−1 ≡ ±3 (mod 8),
Zp ≡ ±1 3 (mod 8)
(Zp
p
)= (vZ−1p )= 1 1 1
otherwise 1 0 T−1, Tp , T−p
Z−1 ≡ ±Zp ≡ ±3 (mod 8)
(Zp
p
)= (Z−1p )= (vp) 1 1
otherwise 1 0 T−1, Tp , T−p(q
p
)= −1 (vp)= (vq) Z−1 ≡ ±Zv(Zpv) ≡ ±1 (mod 8) 1 1
otherwise 1 0 T−1, Tv(Tpv),
T−v(T−pv)(
v
p
) = (vq) 0 0 −1
{−1,±(u + √d)}, {−1,−p(u + √d)} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)), hence
r8 = 0 and p(u +
√
d) is in the Tate kernel (i.e., Tpv), or
(Z−1
p
) = −1, (Zp
p
) = −(uZv
p
)
,
then {−1,−p(u + √d)} ∈ ∇4 (B-i-1), but {−1,−1}, {−1,±p}, {−1,±(u + √d)},
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F = Q(√−2pq): p ≡ q ≡ 1 (mod 8) (Part II)
Legendre symbols Tate kernel
T−1
(Z−1
p
)= (Z−1q )= 1 or (Z−1p )= (Z−1q )= (qp)
or
(Z−1
p
)= (vp), (Z−1q )= (vq)
or
(Z−1
p
)= (qvp ), (Z−1q )= (pvq ) −1
Tp
(Zp
p
)= (Zpq )= 1 or (Zpp )= (vp), (Zpq )= (vq) p
T−p
(Z−1Zp
p
)= (Z−1Zpq )= 1
or
(Z−1Zp
p
)= (vp), (Z−1Zpq )= (vq) −p
Tv
(uZv
p
)= (uZvq )= 1 or (uZvp )= (uZvq )= (qp) u + √−2pq
T−v
(uZvZ−1
p
)= (uZvZ−1q )= 1 or (uZvZ−1p )= (uZvZ−1q )= (qp) −u − √−2pq
Tpv
(uZpv
p
)= (uZpvq )= 1 or (uZpvp )= (uZpvq )= (pq ) p(u + √−2pq)
T−pv
(uZpvZ−1
p
)= (uZpvZ−1q )= 1 or (uZpvZ−1p )= (uZpvZ−1q )= (pq ) −p(u + √−2pq)
Note. To save the space, except for the case
(q
p
)= −1, (vp) = (vq), we give candidates for the Tate kernel in each
case in Part I of the table. We point out that the element ∗ is in the Tate kernel if and only if both conditions
corresponding to T∗ in Part I and Part II of the table are satisfied (we let v correspond to u+ √−2pq ).
{−1,p(u + √d)} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)), hence r8 = 0 and p(u +
√
d)
is in the Tate kernel (i.e., T−pv).
Similarly, one can verify the following two cases: Zp ≡ ±1, Z−1 ≡ ±Zv ≡ ±3 (mod 8)
and Zv ≡ ±1, Z−1 ≡ ±Zp ≡ ±3 (mod 8).
Assume that Z−1 ≡ ±Zp ≡ ±Zv ≡ ±3 (mod 8). If
(Z−1
p
) = (Zp
p
) = (uZv
p
)
, then(Z−1
q
)= (Zp
q
)= (uZv
q
)
, so {−1,−p}, {−1,p(u+√d)}, {−1,−(u+√d)} ∈ ∇4 ((B-i-1) and
(B-ii-1)), but {−1,−1}, {−1,p}, {−1, u + √d} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)),
hence r8 = 1; otherwise, either
(Z−1
p
) = (Zp
p
) = −(uZv
p
)
, then {−1,−p} ∈ ∇4 (B-i-1), but
{−1,−1}, {−1,p}, {−1,±(u+ √d)}, {−1,±p(u+√d)} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1),
(B-ii-2)), hence r8 = 0 and −p is in the Tate kernel (i.e., T−p); or
(Z−1
p
) = −(Zp
p
) =(
uZv
p
)
, then {−1,−(u + √d)} ∈ ∇4 (B-ii-1), but {−1,−1}, {−1,±p}, {−1, u + √d},
{−1,±p(u+√d)} /∈ ∇4 ((B-i-1), (B-i-2), (B-ii-1), (B-ii-2)), hence r8 = 0 and −(u+
√
d)
is in the Tate kernel (i.e., T−v); or −
(Z−1
p
) = (Zp
p
) = (uZv
p
)
, then {−1,p(u + √d)} ∈ ∇4
(B-ii-1), but {−1,−1}, {−1,±p}, {−1,±(u + √d)}, {−1,−p(u + √d)} /∈ ∇4 ((B-i-1),
(B-i-2), (B-ii-1), (B-ii-2)), hence r8 = 0 and p(u +
√
d) is in the Tate kernel (i.e., Tpv).
Suppose that
(q
p
)= 1, (v
p
)= (v
q
)= −1. Then {−1,−1},{−1,p} ∈ ∇4 ((B-i-1), (B-i-2)),
{−1, u + √d} /∈ ∇4 ((B-ii-1), (B-ii-2)). If Z−1 ≡ ±Zp ≡ ±1 (mod 8), then {−1,−1},
{−1,p} ∈ ∇4 ((B-i-1) and (B-i-2)), hence r8 = 1; otherwise, either Z−1 ≡ ±1,Zp ≡
±3 (mod 8), then {−1,−1} ∈ ∇4, {−1,p} /∈ ∇4 ((B-i-1), (B-i-2)), hence r8 = 0 and −1
is in the Tate kernel (i.e., T−1), or Z−1 ≡ ±3, Zp ≡ ±1 (mod 8), then {−1,p} ∈ ∇4,
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or Z−1 ≡ ±Zp ≡ ±3 (mod 8), then {−1,−p} ∈ ∇4, {−1,−1}, {−1,p} /∈ ∇4 ((B-i-1),
(B-i-2)), hence r8 = 0 and −p is in the Tate kernel (i.e., T−p).
Suppose that
(q
p
)= 1, (v
p
) = (v
q
)
. Then {−1,−1}, {−1,p} ∈ ∇2, {−1, u+ √d} /∈ ∇2.
Assume that Z−1 ≡ ±Zp ≡ ±1 (mod 8). If
(Z−1
p
) = (Zp
p
) = 1, then {−1,−1},
{−1,p} ∈ ∇4 ((B-i-1) and (B-i-2)), hence r8 = 1; otherwise, either
(Z−1
p
)= 1, (Zp
p
)= −1,
then {−1,−1} ∈ ∇4 (B-i-1), {−1,p} /∈ ∇4 ((B-i-1) and (B-i-2)), hence r8 = 0 and −1 is
in the Tate kernel (i.e., T−1), or
(Z−1
p
)= −1, (Zp
p
)= 1, then {−1,p} ∈ ∇4, {−1,−1} /∈ ∇4
((B-i-1), (B-i-2)), hence r8 = 0 and p is in the Tate kernel (i.e., Tp), or
(Z−1
p
)= (Zp
p
)= −1,
then {−1,−p} ∈ ∇4, {−1,−1}, {−1,p} /∈ ∇4 ((B-i-1), (B-i-2)), hence r8 = 0 and −p is
in the Tate kernel (i.e., T−p).
Assume that Z−1 ≡ ±1, Zp ≡ ±3 (mod 8). If
(Z−1
p
) = 1, (Zp
p
) = (v
p
)
, then {−1,−1},
{−1,p} ∈ ∇4 ((B-i-1) and (B-i-2)), hence r8 = 1; otherwise, either
(Z−1
p
) = 1, (Zp
p
) =
−(v
p
)
, then {−1,−1} ∈ ∇4 (B-i-1), {−1,p} /∈ ∇4 ((B-i-1) and (B-i-2)), hence r8 = 0 and
−1 is in the Tate kernel (i.e., T−1), or
(Z−1
p
) = −1, (Zp
p
) = (v
p
)
, then {−1,p} ∈ ∇4, but
{−1,−1} /∈ ∇4 ((B-i-1), (B-i-2)), hence r8 = 0 and p is in the Tate kernel (i.e., Tp),
or
(Z−1
p
) = −1, (Zp
p
) = −(v
p
)
, then {−1,−p} ∈ ∇4, {−1,−1}, {−1,p} /∈ ∇4 ((B-i-1),
(B-i-2)), hence r8 = 0 and −p is in the Tate kernel (i.e., T−p).
The case Z−1 ≡ ±3, Zp ≡ ±1 (mod 8) is similar. So is the case Z−1 ≡ ±Zp ≡
±3 (mod 8) since we have Z−1 ≡ ±3, Z−p ≡ ±1 (mod 8) and
(Z−p
p
)= 1, (Z−1
p
)= (v
p
)
.
Suppose that
(q
p
) = −1, (v
p
) = (v
q
)
. Then {−1,−1} ∈ ∇2, but {−1,p} /∈ ∇2, and, if(
v
p
)= (v
q
)= 1, then {−1, u+ √d} ∈ ∇2; if (v
p
)= (v
q
)= −1, then {−1,p(u+ √d)} ∈ ∇2.
So we see that {−1,−1}, {−1, u+ √d} (or {−1,p(u+ √d)}) ∈ ∇4, hence r8 = 1, if and
only if Z−1 ≡ ±Zv (or Zpv) ≡ ±1 (mod 8) ((B-i-1), (B-i-2)), otherwise, r8 = 0 and either
−1 or u+ √d (or p(u + √d)) or −(u+ √d)( or −p(u + √d)) is in the Tate kernel.
Finally, if
(q
p
) = −1, (v
p
) = (v
q
)
, then r4 = 0 and −1 is in the Tate kernel since
{−1,−1} ∈ ∇2.
The proof is complete. 
5. The 2-Sylow subgroup of the maximal real subfield of a cyclotomic number field
Recall that for a totally real number field F , if
√
2 /∈ F , then the Tate kernel of F is
F ∗2 ∪ 2F ∗2.
Lemma 5.1. Let p = u2 − 2w2 ≡ 1 (mod 8) be a prime and let E = Q(ζp)+, where
u,w ∈ N. If u + w ≡ 1 (mod 4) then the 4-rank of K2OE  1, moreover, if
(−2
u
) = (−1
Zv
)
,
then the 8-rank of K2OE  1, where Zv ∈ N such that (u + w)Z2v = X2 + pY 2 for some
integers X,Y with X−wY ∈ Z and (Y, X−wY ) = 1.u+w u+w
518 H.R. Qin / Journal of Algebra 284 (2005) 494–519Proof. We have that F = Q(√p) ⊆ E. We claim that u + √p /∈ F ∗2 ∪ 2F ∗2. In fact, if
u + √p ∈ τF ∗2 for τ = 1 or 2, then (u + √p)(u − √p) ∈ τ 2F ∗2, so 2w2 ∈ τ 2F ∗2, i.e.,
2 ∈ F ∗2, which is a contradiction. This implies that {−1, u+ √p} ∈ K2OE is nontrivial.
If u+w ≡ 1 (mod 4), then there exists α ∈ K2OF such that α2 = {−1, u+√p}. But α
can also be viewed as an element in K2E. Hence we obtain that the 4-rank of K2OE  1.
Similarly, if
(−2
u
) = (−1
Zv
)
, then β4 = {−1, u + √p} holds for some β ∈ K2OF [8], so the
8-rank of K2OE  1. 
Lemma 5.2. Let E = Q(ζ4p)+, where p ≡ 7 (mod 8) is a prime. Then the 8-rank of
K2OE  1. Moreover, if p ≡ 7 (mod 16) then the 16-rank of K2OE  1.
Proof. As in the proof of the above lemma, we have that F = Q(√p) ⊆ E. We also have
that u + √p /∈ F ∗2 ∪ 2F ∗2. In fact, if u + √p ∈ τF ∗2 for τ = 1 or 2, then √u+ √p
or
√
2(u+ √p) ∈ F ∗, which results in 4 | [E : Q] = p − 1, a contradiction. Therefore,
{−1, u+ √p} ∈ K2OE is nontrivial.
On the other hand, in K2OF we have {−1, u+ √p} = α2 for α ∈ K2OF , moreover, if
p ≡ 7 (mod 16), then {−1, u+ √p} = β4 with β ∈ K2OF [8]. So the result follows. 
Analogously, Table 1 and Table 3 imply the following results respectively.
Lemma 5.3. Let E = Q(ζpq)+, where p,q ≡ 3,7 (mod 8) are primes. If
(q
p
)= 1, then the
4-rank of K2OE  1. If
(p
q
)= 1, then the 8-rank of K2OE  1.
Lemma 5.4. Let E = Q(ζpq)+, where p ≡ q ≡ 7 (mod 8) are primes. Then the 4-rank of
K2OE  1. Furthermore, if
(
v
p
)= (v
q
)= 1 or (v
p
)= (q
p
) = (v
q
)
, then the 8-rank of K2OE 
1, where, as usual, v = u+w and u,w ∈ N such that pq = u2 − 2w2.
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